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Abstract

There are many papers for application of fractional calculus and Shehu transform to fractional
differential equations (see [5], [8], [10] and [11]). In this paper, we transform the ordinary differential

equations of n-th order to fractional differential equations, then apply N-fractional calculus to get the
solutions. Also, we get some special cases.

Key words: (N-fractional calculus, the non-homogeneous n—th ordinary differential equation, the

homogeneous n—th order ordinary differential equation, fractional differential equation).
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1. Introduction:

K. Nishimoto defined the fractional calculus of order (V) for functions of single
variable as the following (see [6] ):

Definition:

Let b={D_, D,}, C={c_,c, } where
Cc_ be acurve along the cut joining two points z and - + i Im(z) ,
c, beacurve along the cut joining two points zand oo +ilm(z),
D be adomain surrounded by c
D, be a domain surrounded by c, .

(Here D contains the points over curves C ).

Moreover, let f = f(z) be aregular functionin D (zeD), ,=c(f),(2) = %
7
[ f(g)m d¢ (LeZ) (1.1)
c6-12)
()., = lim (), (meZ™),

where ¢ =2, zeC, veR, I':Gamma function, -7 < arg (¢ —z) <z for c_,
O< arg (¢-2) <2r for c,,

then (f)u is the fractional differintegration of arbitrary order U (derivatives of orderV
for U>0, and integrals of order —U for U< 0 ), with respect to z, of the function f ,
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Shih-Tong Tu solved ordinary and partial differential equations of n-th order by using N-fractional
calculus (see [9] and [10]). In [3] and [4] Bassim used

Nishimoto's method to solving ordinary and partial differential equations of second, third, fourth,
and fifth order. Nishimoto applied N-fractional calculus to ordinary and partial differential equations
of second, third, fourth and fifth order (see [6] and [7]). For example, Nishimoto introduced the
following results (see [6], Vol. 1, p. 154-158):

Result (1): If f_ existsand f, #0, then the differential equation

0, 22+t 2-a-z+p-a-(a—1)=f, (z#0) (1.2)
has a particular solution of the form
o=(f, 2% 13)
where g =¢(z) and a,zeC.
Result (2): the differential equation

@, 2 +p 2 a-z2+@-a-(a—1) =0, (z#0) (1.4
has a solution of the form
p=(k-27),,, (L5)

foragl” U{O} and k is constant.

Result (3): If f_ existsand f, #0, then the differential equation (1.2) has the solution

(0 = (f—a ) Z_z)a—Z +(k ) Z_z)afZ’ (16)
for agZ” U{0}.

Also, Al-Hashmi, A. M. H. solved ordinary differential equations of second and fourth order by
using N-fractional calculus (see [1] and [2]). For example, he got the following results (see [2] ):

Result (4): If f_ existsand f, #0, then the differential equation

o, (2° -2+, - R a-z—a)+p-a- (-1 =f, (z=01) .7

has a particular solution of the form

¢=(fa (zz—l_z)j , (1.8)

where g =¢(z) and a,zeC.

Result (5): the differential equation
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0, (22— )+ -(2-a-z2—a)tp-a-(@a—1)=0, (z#01) (1.9
has a solution of the form

p=(k-z+h), (1.10)

where k and h are constants.

The main object of this paper is to apply N-fractional calculus to ordinary differential equations
of n-th order and get some special cases.

By using (1.1) we get the following Lemmas:
Lemma 1.: If k is constant, then

k), =k-@, =0, it veZ U0} (1.11)
Lemma 2.: Let u =u(z), y = y(z) be regular functions and if U,, Y, exist, then
au+ DY), =a(u), +b(y),, where a,b are constants (z,v e C). (1.12)
Lemma 3.: Let f = f(z) be regular function, if (f,), and (f,), exist, then
F 1 f,

: (z,v,ue€C)

(fﬂ(z))uz (fu(z)),,
(f,2), =(f),... (1.13)

Lemmad4.: Let u=u(z),y = y(z) be regular functions and if are U, , Y, exist, then

R IN'a+1)
Y, = nZ_;r(a_M)r(M) Weals,  @acc).  (119)

2.N-fractional calculus to n-th order ordinary differential equations

In this section, we introduce and prove the below results, but we can not solve differential
equations of natural order by using N-fractional calculus, so that we must change the differential
equations of natural order to fractional order as the following:

Theorem (1): If f, exists and f, #0, then the non-homogeneous n—th order linear ordinary
differential equation

L T+ d(e )
2 T —k+D) TR +D dzk(,z_f;a”l ’ j folarzz0) 1)

has a particular solution of the form

oo |t 1 , (2.2)

n

n-r
Z a,, -z
r=0

a—n
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where @=¢(z), f = f(z), zeC and &.,8,,8;, **-,a,,; are constants.

Proof theorem (1):

Put ¢,=W,.,, where o]0, and w=w(z). (2.3)

Substituting (2.3) into (2.1); we get

n k n
ZWMH. [(e+1) . - Zam.z”’r = f.
vy T(a—k+1)-T(k+1) dz

r=0

The equation (2.4) is fractional differential equation of order N+¢.

Now, by using (1.14), then (2.4) becomes

n
n-r
(Wn'zarﬂ'z ] = f,
r=0

a

By using (1.13); we get

n
n-r

W, - L = f—a’

r=0
this is,

f
w, =— ¢
a . Zn—r

=0

=

By taking the order (—n) of both sides; we obtain

fa
w, = —%— :

a n
n-r
Zaml "z a—n
r=0

f

- .
n-r

z ar+l "z a-n

r=0

(2.4)

as solution of the non-homogeneous n—th order linear ordinary differential equation (2.1). Here

completes the proof of the theorem (1).
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Inversely, we have

a i AL " | (25)
r=0

a—n

Substituting (2.5) into the left hand side of (2.2); we get

f I'(a+1) d* (& ner
LH.S.(2.1 — e : : a., -z"" |,
(@h= Z ot [(a-k+1)-T'(k+1) dzk(g e }

r=0 a-nJn-k

By using (1.13); we obtain

" I'a+1) :
= a
LH.S. (21) kZO - | T(a—k+1)-T(k+1) dz* [Z i J
Zawl'z
a-k
(2.6)

Using (1.14), then (2.6) becomes
L.H.S 21)=| 7 Zam

zarﬂ Z "

r=0 a

L.H.S.(21)=f = R. H. S. (2.2).

Theorem (2): The homogeneous Nth order linear ordinary differential equation

: (o +1) d“ (& ) |
kz_(;¢”k’r(a—k+1)-r(k+1)'dzk(;am'z J_O’ (a-z=0) @7

has a solution of the form

pow, = | (2.8)

o
n-r
Zam—l "z
r=0

a—n

for OHEZ_U{O}, p=¢(z), zeC and Ma;,a,,a;, ---,a,, are constants.

Proof theorem (2):
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Here, we prove to the homogeneous Nth order linear ordinary differential equation (2.7) its solution
IS (2.8) as the following:

Put @, =W,,, in(2.7), we get:

n k n
UBERL 2 M ) I
— INa—-k+1)-I'(k+1) dz* &

Now, by using (1.14), then (2.9) becomes

n
n-r
(wn-ZaHl-z j =0.
r=0 a

By applying (1.13); we get:

(2.9)

n
n-r
(Wn 'Zarﬂ'z j =0,
r=0 1
a-1

and

[Wn-*—]_ .Za”'l'zn_r +Wn .Zam—l.(n_r)'zn—r—lJ =0,
- - “ (2.10)

Now, by using (1.14) and (1.11), then (2.10) becomes

n n
Wi 'Zarﬂ " +W, 'Zarﬂ ) (n - r) 2" = 0,
r=0 r=0

and

n n
Wi Zarﬂ AN —W, Zarﬂ ’ (n - r) ’ Zn—r—l’
r=0 r=0

hence
n
a,, (n-r)y.-z""*
Wn+1 —_ =0
W . , (2.12)
" z R A
r=0

integrating both sides of (2.11), we get:
log(w, ) =- Iog(Zam 2" ] +log(m),

r=0
this implies that
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m
W =—

n n !
n-r
: ,ar+l "z

r=0

that is

m

= n
n-r
z a2
r=0

w

1
-n

hence

r=0 a-n
which completes the proof of the theorem (2).

Inversely, we have

o=w =|—m (2.12)
r=0 a-n

Substituting (2.12) into the left hand side of (2.7); we get

n m [(a+1) d* (& .
L. H.S.(2.7)= S : a. . -z""
@7 kZ; SLE Ma-k+1)-T(k+1) dzk(;‘ i
— r+l1 e )
By using (1.13); we obtain
n m [(a+1) d* (&
L.H.S.(2.7) = : : a., -z"" |,
S-(27) kZ; P M(a-k+1)-T(k+1) dz* Z;‘ '
~ r+l .
(2.13)

Using (1.14), then (2.13) becomes
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m n
LLHS Q7= ——>a,2"" |,

n-r r=0
zal’+l "z
r=0

Now, by using (1.11), then

a

L.H.S.(27)=0=R.H.S. (2.7)

Theorem (3): If fa exists and fa # 0 then the differential equation (2.1) has the solution

PV D SR I | B (2.14)

4 = n —
n-r n-r
zaml -z ar+1 -z
r=0

a-n r=0 a-n

=3

foragl” U{O}.
Proof theorem (3):
Put @, :Wa+n! (2.15)

Substituting (2.15) into (2.1); we get

n k /o 2.16
zwam—k ’ F(a+1) ’ d k zarﬂ'znir = f. ( )
£ T(a—k+1)-T(k+1) dz

r=0

Now, by using (1.14) and (1.11) for agl U{O}, then (2.16) becomes

(Wn .Zarﬂ'zn_rj =f +(m)a’
r=0

a

By using (1.12) and (1.13); we get

n
w.->a., 2" =f_+m,
r=0
this is,
f m
W, =——-+* +—
a Zn—r a . Zn—r

=0

-

=0

-

By taking the order (& —n) of both sides; we obtain
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hence,

f m

—Qa

p=W,=| w— 5 D E— (2.17)

Zn:awl " Zarﬂ 2"
r=0

a-n
r=0

which completes the proof of the theorem (3).
Inversely, we have

Substituting (2.17) in the left hand side of (2.1); we get:

L.H.S.(21) =
n k n
e e T( E(al;lr)(k 1)'jzk(za”l.zn_rj’
S| Ya 2 a-k+D)-TlkrD) dzf\5 By using
r=0 a-n r=0 a-n/Jn_k
(1.12); we obtain
n f_+m Ia+1) d* (& .
L.H.S.(2.1)= ——e : : a2,
@D sz; 0 I —k+1)-T(k+1) dzk(rz_c; ™ j
zaml'z
r=0 a-n_/Jn—k
By using (1.13); we obtain
ol f o +m I(a+1) d“ (& hr
- a . . a .-z ,
L.H.S. @21 kz_(; . a g I(a—-k+1)-T'(k+1) dz* rz_(; ™
— r+l .
(2.18)

Using (1.14), then (2.18) becomes

f_+m
L.H.S. 21) =| —*—

n
n-r r=0

n-r
ar+1 "z '
r=0 a
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L.H.s. 21=(f,+m),
LHS (21)=f=RHS (21

Theorem (4): The homogeneous Nth order linear ordinary differential equation

y INa+1) dk (& .
| ' 8,2 =0, (a-z#0 2.19
"Z:‘;(pn_k I(a—k+1)-T'(k+1) dz"[rz_c; ra j ( #0) (2.19)

has other solution of the form

p=w, = [z b, - (nzfrr),j , (2.20)

r=1
where ¢ =gp(z), zeC and by,0,,b;, -, b, are constants.
Proof theorem (4):
Now we will prove theorem (4) as the following:

Put @, =W,_., in(2.19) we get:

n k n
Zwa+n—k ) r(a_'_l) : d K Za‘r+l AR E 0,
INa-k+1)-I'(k+1) dz

k=0 r=0

(2.21)

Now, by using (1.14), then (2.21) becomes

n
n-r
(Wn'zarﬂ'z j =0,
r=0 a
and,

W. -

n

n
n—r

a7 = 0,
r=0

this implies that,

w. =0,

then,

W, =h,

W, ,=bz+bh,,

ZZ
W, 5 :b1§+bzz+b3,
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3 2

wn_4=bl%+bz%+bsz+b4,

W, . =b +b, +b, + +b,,
(n=1)! (n=2)! (n-3)!

hence,

n-r

W= Zb (nz_ S (2.22)

By taking the order («) to both sides of (2.22); we get

n Zr‘lfl’
= = b —_— .
p=Ww, (le : (n_r)!l
which completes the proof of theorem (4).

Inversely, we have
n anl’
—wW = b~ 2.23
¢ Wa [rzj; r (n_r)!Ja’ ( )
Substituting (2.23) into the left hand side of (2.19); we get
n 2" INa+1) n
a )
L.H.5.(2.19)= Z([Z "(n- r)!jalk T(a—k+1)-T'(k+1) dz"(,z e J
By using (1.13); we obtain
n,ooz™f (o +1) d“ (& o
L. H. 8(2 19) Z[[Z (n_r)lj \] B F(a—k+1)F(k+1) dzk (; r+1 j

(2.24)

Using (1.14), then (2.24) becomes

L. H.S. (2.19) {(Zb g j iam'z”rj ,

L. H. S. (2.19) =0,

since (2"), =0, if k>n and nkeZ".
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hence,

L.H.S.(2.19)=0= R. H.S. (2.19)

Theorem (5): If fa exists and fa # 0, then the differential equation (2.1) has the solution

p=w, =| = {Zbr Z_J , (2.25)
Za A = (=Nl
r=0 " a-n

Proof theorem (5):

Put @,=W,,, (2.26)

Substituting (2.26) into (2.1); we get

n k (an 2.27
Zwam—k ’ L(a+1) ’ d k Zar+1 TAREES # ( )
= INa—-k+1)-I'(k+1) dz

r=0

Now, by using (1.14), then (2.27) becomes
(Wn 'Zarﬂ : anj = f !
r=0 P
By using (1.13); we get
W, ’Zarﬂ 2" = f—a’
r=0

this is,

f n Zn—r
W, = ————+| 2 b,

n—r r=1 (n - I’)! n
ZaHl "z
r=0

By taking the order (& —n) of both sides; we obtain

f n Z n-r
w,=| ——*—+ Zbr .
n-r r=1 (n - r)!
n
zar+l "z wn
r=0

hence,
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(2.28)

f n Zn—r
¢:Wa = n;a +(zbr ° Ij .
Za l_Zn—r r=1 (n_r)- a
s a—n

which completes the proof.
Inversely, we have

Substituting (2.28) in the left hand side of (2.1); we get:

L.H.S.(2.1) =

r+1 "
r=0 a-n n—k

(2.29)
By using (1.12) and (1.13), then (2.29) becomes

L.H.S.(2.1) =

Z r+1°

a—-k
Z": f . ' +1) d Z“:a e
] [(a—k+1)-T(k+1) dz“\< ™ ’
AL
r=0 a-k
(2.30)
Using (1.14), then (2.30) becomes
f—a 3 n-r
LHS @)= 57— " 2Z&a’ :
zarﬂ'zn_r =0
r=0 a

L.H.S.(21)=f = R.H.S. (2.1)

3. Conclusions:

Finally, we show some special cases from this work as the following:
(i)Put n=2, a =1and & =0 for vie{2345,....,n+1} in theorems (1), (2)
and (3) respectively, we get the results (1), (2) and (3) respectively.
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(ii)Putn=2, a, =1, a,=—1and & =0 for viec{345,.....n+1} in theorems

(1) and (4) respectively, we get the results (4) and (5) respectively.
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